A mathematical model of Wu et al. [J. Membr. Sci 254 (2005) 119-127] of a cationic glucose-sensitive membrane is discussed. The model involves the system of non-linear steady-state reaction-diffusion equations. Analytical expressions pertaining to concentration of oxygen, glucose, and gluconic acid for all values of parameters are presented. We have employed Homotopy analysis method to evaluate the approximate analytical solutions of the non-linear boundary value problem. A comparison of the analytical approximation and numerical simulation is also presented. A good agreement between theoretical predictions and numerical results is observed.
Introduction
Diabetes is a chronic disease with major vascular and degenerative complications. The common treatment for diabetic patients is periodic insulin injection. However, poor control of blood glucose level and poor patient compliance are associated with this method. This approach is a poor approximation of normal physiological insulin secretion. The better ways of insulin administration are being sought. Therefore, there is a need for self-regulated delivery systems [1, 2] having the capability of adapting the rate of insulin release in response to changes in glucose concentration in order to keep the blood glucose levels within the normal range.
Various sensing mechanisms, such as competitive binding, substrate-enzyme reaction, pH-dependent polymer erosion or drug solubility, and various types of devices, have been applied to design glucose-sensitive insulin delivery systems [3] [4] [5] [6] . Horbett and co-workers [7] [8] [9] [10] were the first to investigate systems consisting of immobilized glucose oxidase in a pH responsive polymeric hydrogel, enclosing a saturated insulin solution. In insulin delivery system, some of which consist of immobilized glucose oxidase and catalase in pH responsive polymeric hydrogels. According to the nature of charge present, the pH sensitive hydrogels may be classified as cationic or anionic. Cationic glucose sensitive hydrogels were experimentally studied extensively [10] [11] [12] [13] .
In spite of extensive experimental investigations, only a few studies concerned modelling or theoretical design of such systems [14] [15] [16] [17] . Albin et al. [9] developed a mathematical model to describe the steady state behaviour of a cationic glucose-sensitive membrane. Gough and coworkers [15] [16] [17] modelled the steady state behaviour and transient response of a cylindrical glucose sensor. Wu et al. [18] derived a mathematical model with consideration of oxygen limitation to describe the glucose sensitivity of a cationic membrane at the steady state. To our knowledge, no general analytical expressions for the concentration of oxygen, glucose and gluconic acid inside the cationic glucose-sensitive membrane have been reported for all values of the parameters [18] . The purpose of this paper is to derive an analytical expression of the steady-state concentration of reactant by solving the non-linear reaction diffusion equation using Homotopy analysis method (HAM).
Mathematical Formulation of the Problem
The reaction scheme in a glucose-sensitive membrane can be written as follows: 
If an excess of catalase is immobilized with glucose oxidase, all hydrogen peroxide is reduced. Thus, the
Glucose and oxygen diffuse from the medi m um into the embrane and glucose is converted to gluconic acid, causing a pH drop and a consequent change in the permeability of the membrane to solutes. Based on the reaction, only one-half of an oxygen molecule is consumed per molecule of glucose when an excess of catalase is present. The corresponding governing non-linear differential equation in planar co-ordinates inside the cationic glucose sensitive membrane may be written as [18] : 
where l is the thickness of the membrane and OX C  and g C  are the concentrations of oxygen and gluco n the rnal solution, respectively. We can assume that the diffusion coefficient of glucose and gluconic acid are 
Equations (4)- (6) are reduced to the following dimensionless forms: 
The dimensionless concentration of oxygen u , glucose v and gluconic acid are all related processes. On simplifying Equations (9) and (10) we get,
Integrating Equation (13), using the bounda ry conditions (Equation (12)) we get,

On simplifying Equations (10)
and (11) we get,
Integrating Equation (15) and using the boundary conditions (Equation (12)) we get,
So we wish to obtain an analytical expression for the concentration profile   
Approximate Analytical Solutions

Homotopy Analysis Method (HAM)
The Homotopy analysis method (HAM) [19] [20] [21] [22] is a gef various ntly, this e converence and engineering. We have solved the non-linear neral analytic approach to get series solutions o types of non-linear equations. More importa method provides us a simple way to ensure th gence of solution series. The HAM gives us with great freedom to choose proper base functions to approximate a non-linear problem. Since Liao's book [23] for the Homotopy analysis method was published in 2003, more and more researchers have been successfully applying this method to various non-linear problems [24] in sci-
Copyright © 2012 SciRes. AM
S. SEVUKAPERUMAL ET AL.
375 problem using this method. The basic concept of the method is described in Appendix A. Detailed derivation of the dimensionless concentration of oxygen, glucose and gluconic acid are described in Appendix B.
Solution of Boundary Value Problem
Solution of the system of three non-linear differential equations, (Equations (9)- (11)) with boundary conditions (Equation (12)) give a concentration profile of each species within the membrane. spectively.
The non-linear Equations (9)-(11) are also solved by numerical methods using Scilab/Matlab rogram. The function pdex4 is used for solving the i -boundary or parabolic-ell value problems f equations. The ob with the numerical results for various values of α, β, γ, μ 1 and μ 2 . All possible numerical values of the dimensionless parameters used in Wu et al. [18] and in this work are given in Table 1 .
This numerical solution is compared with our analytical results in Figures 1-3 and Table 2 . The average relative error between our analytical result (Equation (17)) and the numerical result of oxygen concentration u is less than 0.8% for vari The concentration of oxygen and gluc e decreases within the enzyme matrix from both interfaces ( 0   and 1   ), reaching a minimum value at a distance ( 0.5   ) within the membrane which is determined by the kinetics of the enzyme reaction and the diffusion properties of the reactants. The concentrations of gluching ximum conic acid w increases from both interfaces and rea a ma value at the middle of the membrane.
Conclusions
A non-linear time independent equation has been solved Adding Equations (B5) and (B12) we obtain t results as described in Equation (17) in the text.
Appendix C Scilab/Matlab Program
A SCILAB/MATLAB program for the numerical solution of the system of non-linear second order differential
